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Abstract 
In this paper we determine new bounds on the maximum number of vertices of a Cayley 
graph with fixed diameter and degree on an abelian group. 
1. Introduction 
The interconnection networks at the heart of parallel and distributed architectures 
can be modelled by graphs. Physical constraints on the network yield constraints on 
the parameters of the associated graph. For instance, it is of great importance that the 
maximum number of links that a message should travel from a node to another node be 
small, if one wants the transmission delay of messages to be short. For the associated 
graph, this means that the diameter must be bounded. However, it is not possible to 
have a fully connected network (corresponding to a complete graph) as the number of 
links in each node is physically bounded. This explains why the problem of constructing 
graphs of maximum diameter D and maximum degree A has been extensively studied 
in the literature (see for instance [4]). It is well known that the number of vertices of 
such a graph is bounded by the Moore bound: [A(A - 1)OV2 - 2]/(A - 2)(A > 2). 
However, not all graphs are convenient for interconnection network purposes, and 
additional properties may be required. For instance, routing is much easier if the net- 
work is highly symmetric. This property is achieved for circulant graphs, where the 
vertices are labelled by the integers modulo N, and there is an edge between x and y 
if and only if 1.x - yl belongs to a given set (see for instance [2, 61, for the directed 
case). Another example of a highly symmetric graph is the hypercube. In fact, all these 
graphs are Cayley graphs. All Cayley graphs are vertex-transitive, and therefore corre- 
spond to “totally symmetric” networks. Recall that a graph is vertex-transitive if and 
only if given any pair of vertices x and y, there exists a one-to-one correspondence 4 
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on the set of the vertices such that 4(x) = y and (s,t) is an edge if and only if 
(4+),4(t)) is an edge. 
After stating some definitions, we first give an upper bound on the number of vertices 
of Cayley graphs of diameter D and maximum degree A. Then we prove the existence 
of a family of Cayley graphs with a large number of vertices. Finally, we compare our 
results with those already existing. 
2. Definitions and notation 
Let G be an undirected graph, with vertex set V(G) and edge set E(G). The distance 
&(~,y) between two vertices n and y is the length of the shortest path between 
x and y. The diameter D(G) is the maximum of the distances. The degree d(x) of a 
vertex x is equal to the number of neighbours of x. The maximum degree d(G) of G 
is the maximum of the degrees of its vertices. All other definitions not given here can 
be found in [l]. 
Definition 1. The circulant undirected graph G(N; fgl,. . . ,*gk) is the undirected 
graph with vertex set (0,. . . , N - 1) and edge set {(x, y) 13, 1 d i d k, x - y = gi}. 
The vertices of G have degree 2k unless 2gi z 0 modulo N, for some i. The particular 
case of double loop graphs (k = 2) has been extensively studied in the literature (see [2] 
for a survey on circulant graphs). 
Definition 2. Let (Q, +) be a finite abelian group and let 3 be a generating set of 
Q such that Y- = {x 1 - x E 9} = 9. The undirected Cayley graph Cay(s2, S) is 
the graph with vertex set Sz and edge set {(x, y) ( x - y E Y}. 
By definition, this graph is undirected and has order ISZI, and is regular of degree 131. 
Circulant graphs are particular cases of Cayley graphs. They correspond to the case 
when Sz = Z/NZ. It is possible to obtain a larger class of Cayley graphs by extending 
the module relation on Z to a modulo relation on Z” (see [5]). We now recall how to 
do so using lattices. 
Definition 3. Let A4 be a generating subset of Z”, the integral lattice of rank n, A = 
MZ” is equal to the set of the linear combinations of elements of M with coefficients 
in 7, that is, 
Cxm]xEZ, mEM 
Definition 4. Let I( . /) b e a norm on Z” and let n be an integral lattice of rank n, the 
covering radius of A is equal to 
w)=x~L$ (!p-All). 
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Let = be the equivalence relation x E y modulo _4 if and only if x - y E A. Let 
P/A be the set of the equivalence classes of this relation. Then (P/n, +) is an abelian 
group. The number of elements of this group is called the determinant of the lattice, 
and is denoted by det(n). 
Definition 5. A subset 9 of an abelian group (sZ,+) is a generating set of Q if and 
only if every element w of Q is a linear combination of elements of 3. 
Definition 6. Let n = MZ” be an integral lattice of rank n and let 4e be a generating 
subset of P/A. The class graph CG(A, 9) is the undirected Cayley graph Cay(Q, 9’), 
with !2 = P/A, and 9’ = 3 U CF. 
The class graph CG(I1,9) is regular of degree (%‘I. 
Definition 7. Let n = MZ” be an integral lattice of rank n. The canonical class graph 
CCG(A) associated with A is equal to Cay(Q, %B), with Q = P/A, and %‘B the 
canonical basis of Z”. 
This graph is regular of degree 2n - k2, where k2 = \{e E VB ) e + e E n}l. 
Definition 8. Nc~~~&LI,D) is equal to the maximum number of vertices of an undi- 
rected Cayley graph on an abelian group of diameter at most D and degree at 
most A. 
The remaining part of the paper is devoted to the study of NCayley(A, D), 
3. An upper bound on NCayley(A, D) 
Several authors have already determined upper bounds on Nc~~&A, 0). The oldest 
result is due to Wong and Coppersmith, who prove the following result in [9]: 
Theorem 1. Let G(N; fl, fg2,. . . , fgk) be a circulant undirected graph of dia- 
meter D and degree A, k < A 6 2k. Then we have 
N < (2D+k+ ‘jk =N(kD) 
k! 
1,. 
In the general case of Cayley graphs on an abelian group, Zemor and Cohen [lo] 
use results from coding theory to obtain the following. 
Theorem 2. We have 
Ncay~ey(4D) < 2 = N2(A, D). 
i=O 
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We now derive an upper bound on NQ+,(A, D) slightly better than that of Wong 
and Coppersmith for circulant graphs. 
In fact, we will consider only canonical class graphs. Indeed, Fiol in [5] proves the 
following theorem. 
Theorem 3. Let Cay(sZ, S) be an undirected Cayley graph on an abelian group. Let 
9%~ be the subset of the elements of order 2 in 93. Let k = [93~/+13 - Y21/2. Then there 
exists an integral lattice A of rank k such that Cay(Q,Y) is isomorphic to Ccc(A). 
By construction of /1, x + x E /i if and only if x is an element of order 2 in 9. 
Consequently, in order to find an upper bound on N&&A, D) it is sufficient to 
find an upper bound on the number of vertices of canonical class graphs of diameter 
at most D and degree at most A. 
We will need a result by Cassels [3]. 
Theorem 4. Let 11 . 11 be a norm of R”, let A be an integral lattice of rank n and 
covering radius R(A) and let B = {XEW 1 llxll < 1). Then 
R(A)n 1 
det(A) ’ VoZ(B). 
We consider the Li-norm, that is, if x = (xi,xz,...,x,) belongs to R”, llxll = 
cb, IxJ. In that case, Vol (B) = 2”/n!. 
In addition, we have the following result. 
Theorem 5. If we consider the Ll-norm, then 
R(A) - ; 6 D(CCG(A)) d R(A). 
Proof. By definition of LI and of CCG(/1), we have 
Therefore D(CCG(A)) = supxEzaln d(O,x) = sup,,z,(infnEn d(x, A)). 
It follows that D(CCG(A)) d R(A). 
Now if x belongs to R”, there exists a E Z” such that 11x--all < n/2. As dcocn,(x, A) 
6 dcco(n)(x, a) + dcco(n)(a, A), the theorem follows. 0 
The following result is an immediate consequence of Theorems 3-5. 
Theorem 6. Let G = Cay(Q 93) be an undirected Cayley graph on an abelian group 
of diameter D and degree A = 1991. An upper bound for N = det(A), the number of 
vertices of G is given by 
N < (2D + k)k = N3(k D) 
k! 3 3 
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where k = kl + k2, with 2kl equal to the number of elements of 69 of order difSerent 
from 2, and k2 being the number of elements of order 2 in 3. 
4. A lower bound on N,-+~,Jd,LI) 
4.1. Known results 
If one wants lower bounds on Nc~+~(A, D), the easiest way is to exhibit or prove 
the existence of families of Cayley graphs on an abelian group of diameter at most D 
and degree at most A. For instance, from the well-known family of the hypercubes, 
(graphs of diameter D, degree A = D and order 2D), we get that Nc~~&A, D) 3 2’. 
Delorme (private communication) gives a construction of Cayley graphs on an 
abelian group of diameter D, even degree A, and order 2A-1DA/2/(A/2)A/2 = nl(A, D). 
As we have already seen, it is possible to construct Cayley graphs on an abelian 
group as class graphs of lattices. ZCmor and Cohen [lo] have used coding theory to 
prove the following. 
Theorem 7. We have 
N c~,++(A,D) 3 F = nz(A,D). 
Indeed, recall the following definition: 
Definition 9. An [n,k,d]-code C is a linear subspace of dimension k of (Z/22)“, such 
that the minimum distance between two elements of the code, with respect to the 
Hamming distance, is d. The covering radius p(C) of C is equal to the maximum 
Hamming distance between a word of (Z/2Z)‘z and the code C. 
Let C be an [n, k,d]-code and let Q be the set of the equivalences classes of (i2/2Z) 
modulo C. Then (Q,+) is a group of 2”-k elements. From these groups 52, Cohen 
and Zlmor construct Cayley graphs of order 2”-k and diameter p(C), and use re- 
sults on the covering radius of the codes to obtain results on the diameter of the 
graphs. 
4.2. A new lower bound 
We now employ the same kind of techniques using codes on (Z/pZ)“, instead of 
codes on (Z/2P)“, where p is any prime. We will not be able to use the Hamming 
distance any more and we use instead the Li-norm. 
Definition 10. Let 9 be a compact body of positive volume in R”, star-shaped with 
respect to an interior point, taken to be the origin. An [n, k, d, p, 9]-covering code C is 
a k-dimensional subspace of (Z/pZ)“, such that for every y in (Z/pZ)“, there exists c 
in C such that ]]y - c](g < d, where ]]x]lg = inf,>o{p lx E pZ” + @3}. 
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If 9 is equal to the ball of radius 1 with respect to the Li-norm, then let Q be 
the quotient group (E/pZ)“/C. The Cayley graph Cuy(sZ,Vg) has diameter d, order 
P n-k and degree A, with n < A < 2n. 
Therefore, from the existence of an [n, k,d, p, Y]-covering code, it is possible to 
prove the existence of Cayley graphs of diameter at most d, order pnwk, and degree 
at most 2n. 
In [8], Rush proves the next result. 
Theorem 8. If p is an odd prime, k and n are positive integers with k d n, n is large 
enough, and 
k > n + 1 + log,(n2p In p) - logP(e-1’2n card(Bd,&O))) + o(l), 
where Bd,g(O) is the ball of radius d around 0 with respect o the Ll-norm, then there 
exists an [n, k, d, p, %I-covering code. 
Using Theorem 8, it is possible to prove the following: 
Theorem 9. We have 
&+JA,D) 3 g = n3(A,D) 
for A large enough and D d A. 
Proof. A close examination of the proof of Theorem 8 shows that 
kc = In + 2 + log2(n2pln p) - lo$(e-“‘n card(&,y(O)))j 
satisfies the hypothesis of Theorem 8 for n large enough. Let 9 be the ball of 
radius 1 with respect to the Li-norm. Golomb [7] shows that for n large enough 
card(Bd s(0)) 3 2dnd/d!. 
Let Co be an [n, ko, d, p, 9]-covering code. As 
n - ko 2 1ogJe -‘j2n card&g(O))) - log2(n2p ln p) - 2, 
the order N = pnpko of the quotient group (E/pZ>“/Co establishes that 
NB 
n card(Bd,dO)) 
eli2p2p10g*(P1nP)n210g*P' (1) 
As we want to maximize the lower bound on the order of this Cayley graph, we 
choose p = 3. For this value of p, and n large enough, we have e1/2p2p’ogz(p’nJ’) < 99 
and 2 log, p < 3.17. Substitute these upper bounds in Eq. (1 ), and if we denote the 
diameter by D, we obtain 
N > 2DnD-2.17 
’ 99D! 
As 2n 3 A, where A is the degree, we have N 2 22.‘7AD-2~‘7/99D!. The theorem 
follows. 0 
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In fact, it is possible to construct graphs with that number of vertices using the 
algorithm given in [8] to construct the corresponding codes. 
5. Comparisons 
5.1. Comparisons of the upper bounds 
Let G = Cay(Q,g) (with 3 = -S), be an undirected Cayley graph on an abelian 
group. Let 92 be the subset of the elements of order 2 in 3. Let k2 = 1Yz1 and let 
kl = 1% - 3~)/2. Let k = kl + k2. The degree A of G is equal to 2kl + k2. Let N be 
the number of vertices of G. Recall that in Section 3 we define Nl(k,D) (Theorem 1 ), 
Nz(A,D) (Theorem 2) and N3(k,D) (Theorem 6) such that 
N d min(Nl(k,D),N2(A,D),N3(k,D)). 
In fact, we have Nl(k,D) > Nj(k,D) and therefore we have N d min(N2(A,D), 
N&D)). 
Let us consider the particular case when k2 = 0 (in fact, the case “kz is negligible 
compared to kl” is sufficient). 
Lemma 1. If k2 = 0, then A = 2k and for any A, there exists Do such that D > Do 
implies N3(k, D) < Nz(2k, D). 
Proof. Let A be fixed, and suppose that k2 = 0, then A = 2k. We have N2(A,D) N 
CAD.’ and N3(A/2,D) N c~D’/~. 0 
Here we give for small values of even A the corresponding value of Do such that 
N3(A/2,D) < Nz(A,D), for any D 2 DO. 
A 4 6 8 10 12 14 16 18 20 
Do 3568 9 11 12 14 15 
5.2. Comparisons of the lower bounds 
The families of Cayley graphs constructed or referred in this paper give several 
lower bounds on the number of vertices of a Cayley graph of degree A of diameter D. 
l The Delorme construction (Section 4.1): nl(A,D) = 2A-‘DA12/(A/2)A12. 
l The Cohen and Zemor construction (Theorem 7): nz(A,D) = A2D-‘/D. 
l Our construction (Theorem 9): nx(A,D) = AD-2.17/21D! for A 2 D. 
As our construction yields only graphs with A > D, we consider the two following 
cases: D fixed and large A or A/D fixed and larger than 1. 
5.2.1. The diameter D is fixed (D = K) 
We have the following equivalences for the bounds: 
l ni(A,K) = (&la)‘, 
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l nz(A,K) 21 KAA, 
l nj(A,K) N KgA(D-co). 
Therefore for every fixed D = K, there exist Al, 42 such that A > Al implies nl(A, K) < 
nJ(A,K), and such that A B A2 implies nz(A,K) < n3(A,K). 
We give here an array of the values of Al and A2 for small values of D. 
D 5 10 15 20 25 30 35 40 45 
At 34 47 56 64 71 77 83 89 94 
42 137 26 25 28 31 34 38 41 45 
5.2.2. The ratio A/D is jixed (A/D = c) 
Note that our construction is possible only when the ratio A/D is strictly larger 
than 1, while Delorme’s construction is possible only when the ratio is smaller than 8. 
We now have the following equivalences for the bounds: 
l nl(cD,D) N ;(8/~)‘/~, 
l nI(cD, D) N ~2’/~-‘, 
l q(cD,D) N K(ec)Alc/A2.67. 
Let us compare nl(cD,D) and nJ(cD,D) for 1 < c < 8. As (8/c)‘j2 < (ec)‘ic for 
c 3 1.1, for 1.1 d c < 8, there exists D1 such that for D > DI, nl(cD,D) < q(cD,D). 
We give here an array of the values of D1 for some values of the ratio A/D. 
AID 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3 4567 
DI 455 150 90 64 50 41 34 29 26 23 14 9 7 5 
For c very close to 1, Delorme’s construction is better than our construction. 
Let us now compare nz(cD,D) and n3(cD,D) for c > 1. As 21ic < (ec)‘ic when 
c > 1, for any fixed value of c > 1, there exists 02 such that for D > 02, nz(cD, D) < 
nJ(cD,D). 
We give here an array of the values of D2 for some values of the ratio A/D. 
AID 1 1.5 2 2.5 3 3.5 4 5 10 50 100 
02 50 20 15 12 11 10 9 9 7 6 5 
Therefore our construction is useless to construct graphs with A < D but allow us 
to construct the densest known Cayley graphs on an abelian group when A is large 
compare with D. 
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